(0.1)
This estimate was proved by Hörmander [9] and Sogge [10] . However, these authors did not investigate the geometric dependence of c 1 . Our Theorem 1.6 below states that c 1 depends only upon a bound for the absolute value of the sectional curvature of M and a lower bound for the injectivity radius of M. Bourgain [2] sharpened (0.1) by showing that the L 2 norm of f need only be computed on small balls, centered at a point p where |f(p)|=||f|| . , of radius r. It is required that c 4 l −1/2 < r < c 5 . Note that the radius may become arbitrarily small as l Q .. In Theorem 1.9, we extend the result of [2] , by establishing the geometric dependence on injectivity radius and absolute value of the sectional curvature.
Suppose that E l denotes the eigenspace of −D with eigenvalue l. The multiplicity m l of the eigenvalue l is the dimension of E l . In Proposition 2.1, we apply (0.1) to show that
where c 9 depends only upon a lower bound for the injectivity radius, a bound on the absolute value of the sectional curvature, and an upper bound on the volume of M. In the author's joint paper [8] with C. Fefferman, we showed that an eigenfunction with eigenvalue l vanishes at most to order c`l. This yields the better result that c 9 depends only upon an absolute bound for the sectional curvature and an upper bound for the diameter. The rest of the paper concerns complementary results about lower bounds for the L . norms of exceptional sequences of eigenfunctions. Proposition 3.2 states that after perturbation of the metric on warped products, M=X × f Y, of Riemannian manifolds, there exists a sequence of eigenfunctions w k , with eigenvalues l k , such that
We require that the warping function f assumes a unique nondegenerate maximum. This nondegeneracy condition holds after a perturbation of the metric on M. So, one recovers the result of Bourgain [2] for perturbations of the metric on the flat two torus. The proof of (0.3) uses a reduction to the study of the simple harmonic oscillator of quantum mechanics, so that the results of [5] and [6] are applicable. It follows that the eigenfunction may be modeled on a Gaussian distribution, as w k concentrates near its supremum. A precise statement is given in Proposition 3.5. In Section 4, group actions on manifolds are studied. If M admits an isometric circle action, we show that after perturbation of the metric there exists an exceptional sequence of eigenfunctions w k , with eigenvalues l k , satisfying
, then (0.4) is a special case of (0.3). In general, the S 1 action may have fixed points so that the orbit space M/S 1 may have both topological and metric singularities. Now suppose that M admits the isometric action of a compact Lie group G, dim G > 0. Since S 1 … G, the result (0.4) is applicable. In certain cases, a better result may be obtained by applying the main theorem in [3] or [7] . If G has a fixed point, there exists a sequence f k of eigenfunctions, with eigenvalues m k , satisfying
Many of the results of this paper were inspired by the author's reading of the unpublished paper [2] by J. Bourgain. The author thanks Professor Bourgain for providing a copy of [2] and for helpful discussions concerning his work. The author also thanks Professors P. Sarnak and T. Spencer for useful conversations during the development of the present manuscript.
L
. BOUNDS WITH GEOMETRIC DEPENDENCE Let M be a compact Riemannian manifold of dimension n. The Laplacian D of M has pure point spectrum. Suppose that f is an eigenfunction of −D with eigenvalue l ] 0, Df=−lf. It follows from the remainder estimate for the spectral function, [9] , that ||f|| . [ c 1 l (n − 1)/4 ||f|| 2 . However, the construction of a parametrix for the wave equation in [9] requires cn derivatives of the metric. So, one does not obtain good geometric dependence by the wave equation method.
In [10] 
Proof. One compares M to the sphere of constant positive curvature c 3 and to the hyperbolic space of constant negative curvature −c 3 , using the standard method [1] . The inequality r [ p/`c 3 is needed to stay inside the injectivity radius on the comparison sphere. L With the preparations given above, we are now ready to state the main result of this section 
The constant c 1 depends only upon c 2 and c 3 , when the dimension n of M is fixed.
Proof. Since M is compact, |f| assumes its maximum at some point p ¥ M. After replacing f by −f, if necessary, we may assume that f(p)=||f|| . . We choose normal coordinates centered at p and transplant the Bessel potential B z (r) as a function of the geodesic distance r. Let g(r) be a smooth cut-off function, supported in our normal coordinate chart, which is identically one near the origin p.
We compute
By applying (1.4), and the fact that B z , in Euclidean space, represents the resolvent kernel, we deduce
where d p denotes the Dirac delta distribution at p. It follows from Lemma 1.5 that |h
Here R(x, D) denotes a first order radial differential operator with bounded coefficients.
Using the small scale asymptotics of Lemma 1.3a., we deduce that
The factor |an l| is only needed when n=2. Similarly,
Because f(p)=||f|| . , we may apply these estimates to deduce
and consequently
(1.8)
We now apply Lemma 1.2 and Lemma 1.3b. This gives
Since c=1+i/`l. Moreover,
where c 1 has the required geometric dependence. L Bourgain [2] refined the method of Sogge. The L 2 norm of the eigenfunction need only be taken over a ball which is allowed to become progressively smaller as the eigenvalue increases. The proof in [2] employs the square function technique. We obtain a similar analytic result and incorporate the correct geometric dependence by the more elementary technique of using a cut-off function which depends upon the eigenvalue. The precise statement of the improvement of Theorem 1.6 is the following: 
Proof. We follow the method used to prove Theorem 1.6, but replace z and c by z=l+ir −1`l and c=1+ir
. Let g be a cut-off function on D(p, r), so that |dg| < cr −1 and |Dg| < cr −2 , and therefore |Dg| <cr −1`l . The previous argument with small changes gives
and also
, where c 1 depends only upon c 2 and c 3 . L The next two propositions appeared as a remark in [2] . It seems useful to provide some additional details of the proofs. 
with a constant c independent of the eigenvalue l.
Proof. Let q denote a cut-off function supported on D(x, 2d) and Op(q) the associated zeroth-order pseudodifferential operator of multiplication by q. By Egorov's theorem
Here G t denotes the geodesic flow and R t is a pseudodifferential operator of order −1. So, uniformly for 0 < t < 1, we have
Now integrate with respect to t, from 0 to 1. Since meas{0 
where c is independent of the eigenvalue l. 4 ||f|| 2 is well-known for certain eigenfunctions of the sphere. In Section 4, we show that it also holds when a compact Lie group G acts isometrically on M, with a fixed point and one dimensional orbit space.
MULTIPLICITY OF EIGENVALUES
Suppose that M n is a compact Riemannian manifold. The eigenspace of −D with eigenvalue l will be denoted by E l . An L . bound for L 2 normalized eigenfunctions, with eigenvalue l ] 0, yields an upper bound for the multiplicity m l =dim E l . We proceed to investigate the geometric dependence of these estimates.
Applying the results of the previous section, one obtains 
We now choose a special orthonormal basis for E l , Let r 0 : E l Q R denote the evaluation map at x 0 , r 0 (f)=f(x 0 ). There is a direct sum decomposition of the eigenspace E l =(Ker(r 0 )) + À Ker(r 0 ). The orthonormal basis may be chosen so that f 1 ¥ (Ker(r 0 )) + and f j ¥ Ker(r 0 ) for j \ 2. For this particular choice, K(x 0 , x 0 )=f There is an entirely different method for obtaining an upper bound on the multiplicity m l . One applies the order of vanishing estimate for eigenfunctions given in [8] . This alternative method yields a better geometric dependence. We may write the following: Proof. It was proved in [8] that an eigenfunction with eigenvalue l vanishes at most to order c 8`l , where c 8 depends only upon c 1 and c 6 . By using normal coordinates, the leading term in the Taylor expansion of any eigenfunction is given by a harmonic polynomial. So m l is bounded above by the dimension of the space of harmonic polynomials with degree at most c 8`l . For R n , the dimension of this latter space is c 7 l
2 is an improvement of Proposition 2.1 because an upper bound for the absolute value of the sectional curvature, a lower bound for the injectivity radius, and an upper bound for the volume combine to bound the diameter from above. One takes a geodesic joining two maximally separated points, and covers the geodesic with a chain of disjoint balls. 
Moreover, 
In other words, there is a D
The ground state f k is positive and nondegenerate. As k Q ., and the m k Q ., f k will concentrate inside the set where V(x) assumes its minimum value V min . This leads us to rewrite the previous equation as
In general, the set of points x ¥ X where V(x)=V min may be any closed set. It seems difficult to make interesting statements about the localization of the eigenfunctions without further hypotheses on V. Therefore, we assume that V(x) achieves a unique nondegenerate minimum at a point p ¥ M. Choosing normal coordinates x centered at p, we may write
Equation (3.1) becomes a perturbation of the simple harmonic oscillator of quantum mechanics. Such perturbations have been thoroughly investigated in the literature, see [5, 6] , and the references given there. Consequently, one has the following: 
Here V=f Proof. We let w k (x, y)=f k (x) k k (y) as above. The functions f k satisfy (3.1), which is a perturbation of the simple harmonic oscillator. More precisely, after rescaling z=m 1/4 k x, and letting k Q ., the operator stabilizes to the simple harmonic oscillator
Proposition 3.2 follows from the results of [5] . L Remarks. 1. The condition that f assumes a unique nondegenerate maximum may always be achieved by a small perturbation of the metric.
2. In the special case where M=S 1 × S 1 is the flat torus, Bourgain [2] proved that after a perturbation of the metric, there exists a sequence of eigenfunctions w k , with eigenvalues l k satisfying a.
Proposition 3.2 places this example in a more general framework and provides an explanation for the calculations given in [2] . In particular, the knowledge of the explicit eigenfunctions and eigenvalues of the unperturbed metric is not needed to prove the result.
Proceeding further, we give a precise description of the shape of the wave function f k (x), when it localizes at x=0. Set m=dim X. The ground state of the harmonic oscillator is the Gaussian exp(−
). It will be convenient to normalize f k so that
With this normalization, one has under the hypotheses of Proposition 3.2.
Proposition 3.5. The eigenfunction f k of (3.1) satisfies
Proof. Again, this follows from [5] . The restriction |z| < cm 1/4 k is needed to assure that the coordinates are well-defined. L
GROUP ACTIONS
The results just obtained for warped products lead to related theorems concerning isometric S 1 actions. Suppose that M is a compact Riemannian manifold on which S 1 acts isometrically. We split 
(x).
The orbits of maximal length correspond to the minima of V. We assume that V(x) assumes a unique nondegenerate minimum at p ¥ M/S 1 . Since p is a principal orbit, M/S 1 is a Riemannian manifold near p, and we may choose normal coordinates x near p, so that
where n=dim M. One has the following: 
Proof. First suppose that S 1 acts freely. In the simplest case M= M/S 1 × f S 1 is a warped product and one merely cites Proposition 3.2. More generally, we choose coordinates x 1 , x 2 , . .., x n , where x n =h is tangent to a given orbit of the circle action and x 1 , x 2 , . .., x n − 1 are obtained by using the exponential map normal to the orbit.
In these local coordinates, D=D+V
2 +L, where D is a second-order elliptic operator in x 1 , x 2 , . .., x n − 1 , and L represents some lower order cross terms. One follows the proof of Proposition 3.2, checking that the lower order terms L do not affect the final result.
In general, S 1 may have some fixed points that lead to singular points in the orbit space. The singular set is a stratified set of codimension at least one. Moreover, f Q 0 and V Q ., as one approaches the singular points from the regular points on the orbit space M/S x. It is convenient to choose the normalization
Under the hypotheses of Proposition 4.1, one has the following analogue of Proposition 3.5: . The associated measure in M concentrates along the principal orbit corresponding to p. This contrasts sharply with the generic limiting behavior of such measures when the geodesic flow is ergodic. Note that the existence of an isometric S 1 action is incompatible with ergodic geodesic flow.
We now assume that a compact Lie group G acts isometrically on M, where dim G > 0. Since S 1 … G, Proposition 4.1 is applicable and one obtains concentration of eigenfunctions. In certain cases, stronger concentration may be obtained by applying the main result of [3, 7] : We choose an orthonormal basis, of eigenfunctions of D, which is compatible with this splitting. If E c (x, y) is the projection kernel onto eigenspaces with eigenvalue less than c, then the standard asymptotics [9] , given E c (x, x) ' cc n/2 , as c Q .. However, if p is a fixed point of the G-action, then the eigenfunctions corresponding to the nontrivial representations r ¥ Ĝ must vanish. Let k j be a list of all G-invariant eigenfunctions with eigenvalues c j . The previous observations give
.
